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Abstract
We introduce two classes of spherically symmetric spacetimes having a thin shell of matter,
in non-quadratic F (R) theories of gravity with non-constant scalar curvature R. In the first,
the thin shell joins an inner region with an outer one, while in the second it corresponds to the
throat of a wormhole. In both scenarios, we analyze the stability of the static configurations
under radial perturbations. As particular examples in spacetimes with a cosmological constant,
we present charged thin shells surrounding a non-charged black hole and charged thin-shell
wormholes. We show that in both cases stable solutions are possible for suitable values of the
parameters.
1 Introduction
The difficulties of General Relativity in providing a fully accepted explanation to some problems
such as singularities, the nature of the dark matter, the understanding of the accelerated expansion
of the Universe, or the case of quantum gravity, motivate the study of modified gravity theories. The
simplest proposal is the so-called F (R) theories [1–3], which generalize the Einstein-Hilbert action
by replacing the Ricci scalar curvature R with a function of it. They have also an equivalence with
the scalar-tensor gravity. These theories offer important applications such as the Starobinsky model
which explains the early inflation era of the Universe, and they can give a possible explanation of the
acceleration of the Universe expansion without using dark energy. They also provide interesting
models for topics such as the cosmic microwave background, weak lensing, structure formation,
and the spectra of galaxy clustering, among others. There exist many static spherically symmetric
solutions of the field equations in F (R) gravity that can be gathered into two groups: one with
constant scalar curvature and the other with non-constant scalar curvature. The first group contains
solutions that describe branes [4], traversable wormholes [5], and black holes [1,3,6–9]. The second
one consists mostly of black hole solutions [10–12].
The conditions for the proper construction of thin shells of matter by cutting and pasting two
solutions in General Relativity is provided by the well-known formalism of Darmois-Israel [13]. It
allows to analize the characteristics and the dynamics of a thin layer of matter at the matching
hypersurface. Due to its simplicity and its maleability, this tool has been used to study models
of gravastars [14, 15], vacuum bubbles and thin layers around black holes [16–18], and wormholes
[19–22]. The spherically symmetric nature of the constructions in these works allows a much
easier analysis of their stability under radial perturbations. In comparison with General Relativity,
the junction formalism in F (R) theories [23, 24] becomes more restrictive since it introduces a
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constraint on the trace of the second fundamental form, which has to be continuous at the joining
hypersurface [24]. For non-quadratic F (R), the continuity of the scalar curvature at both sides
of it is added as an extra condition. However, for the quadratic case, this last condition can be
relaxed, and as a consequence, new contributions to the standard energy–momentum tensor appear,
consisting of an external scalar pressure/tension, an external energy flux vector, and a double layer
energy–momentum tensor which resembles classical dipole distributions [24–26]. The junction
formalism in F (R) gravity has been used in models of thin-shell wormholes [27, 28], bubbles [29],
and thin shells of matter surrounding black holes [29].
In the current work, we construct spherically symmetric thin shells in non-quadratic F (R)
gravity with non-constant scalar curvature by using the corresponding junction conditions and
we analyze the stability of the static solutions under perturbations preserving the symmetry. We
study two configurations: an inner geometry joined across the shell to an outer one and a thin-shell
wormhole. We consider an example for each situation, one consisting of a charged thin shell of
matter enclosing a non-charged black hole and the other of a charged thin-shell wormhole. In both
cases, we adopt the particular gravitational Lagrangian F (R) = R + 2β
√
R− 8Λ − Λ, with β < 0
and Λ twice the conventional cosmological constant. In Sects. 2 and 3 we introduce the two general
formalisms, while in Sect. 4 we provide the specific examples. Finally, in Sect. 5 we present a
discussion of the results. We use units so that c = G = 1, where c is the speed of light and G the
gravitational constant.
2 Construction and stability of thin shells
We proceed to construct a manifold M composed of the union of two different ones, M1 and M2,
using the junction conditions in F (R) gravity. The matching of these two manifolds is done at
a hypersurface Σ consisting of a thin shell of matter. We start with two spherically symmetric
spacetimes, with the metrics
ds2 = −A1,2(r)dt21,2 +A1,2(r)−1dr2 + r2(dθ2 + sin2 θdϕ2), (1)
where t1,2 is the corresponding time coordinate, r > 0 is the radial coordinate, and 0 ≤ θ ≤ π and
0 ≤ ϕ < 2π are the angular coordinates. We work with a scalar curvature that may depend on r,
i.e. R1,2 = R1,2(r), then for the metrics above their expressions take the form
R1,2(r) = −A′′1,2(r)−
4
r
A′1,2(r)−
2
r2
A1,2(r) +
2
r2
, (2)
where the prime on A1,2(r) means the derivative with respect to r, while the corresponding deriva-
tives read
R′1,2(r) = −A′′′1,2(r)−
4
r
A′′1,2(r) +
2
r2
A′1,2(r) +
4
r3
A1,2(r)− 4
r3
, (3)
which will be used in further calculations. We identifyM1 as the inner zone given by 0 ≤ r ≤ a and
M2 as the outer region defined by r ≥ a. When we match them at the radius a, the new manifold
M =M1∪M2 is obtained, where a global radial coordinate r ∈ [0,+∞) is defined and the angular
coordinates are mutually identified. The complete spacetime M is described by the coordinates
Xα1,2 = (t1,2, r, θ, ϕ). On the matching hypersurface Σ, corresponding to G(r) ≡ r − a = 0, we
choose the coordinates ξi = (τ, θ, ϕ), with τ the proper time. We let the radius of this hypersurface
depend on τ , i.e. a(τ), and we denote its derivative with respect to τ by a˙(τ). The proper time at
the sides of the shell should be the same, so that
dt1,2
dτ
=
√
A1,2(a) + a˙2
A1,2(a)
, (4)
2
in which the free signs were fixed by demanding the times t1,2 and τ all run into the future.
The first fundamental form at the sides of the shell is given by
h1,2ij = g
1,2
µν
∂Xµ1,2
∂ξi
∂Xν1,2
∂ξj
∣∣∣∣∣
Σ
, (5)
and the second fundamental form reads
K1,2ij = −n1,2γ
(
∂2Xγ1,2
∂ξi∂ξj
+ Γγαβ
∂Xα1,2
∂ξi
∂Xβ1,2
∂ξj
)∣∣∣∣∣
Σ
, (6)
where the unit normals (nγnγ = 1) are determined by
n1,2γ =


∣∣∣∣∣gαβ1,2 ∂G∂Xα1,2
∂G
∂Xβ1,2
∣∣∣∣∣
−1/2
∂G
∂Xγ1,2


∣∣∣∣∣∣
Σ
, (7)
and they are taken to point fromM1 toM2. On the surface Σ, we choose to work in the orthonor-
mal basis given by {eτˆ = eτ , eθˆ = a−1eθ, eϕˆ = (a sin θ)−1eϕ}. Therefore, and taking into account
the metrics (1), we obtain that the first fundamental form is h1,2ıˆˆ = diag(−1, 1, 1), the unit normals
result
n1,2γ =
(
−a˙,
√
A1,2(a) + a˙2
A1,2(a)
, 0, 0
)
, (8)
and the non-null components of the second fundamental form are
K1,2
θˆθˆ
= K1,2ϕˆϕˆ =
1
a
√
A1,2(a) + a˙2 K
1,2
τˆ τˆ = −
A′1,2(a) + 2a¨
2
√
A1,2(a) + a˙2
. (9)
The jump of any quantity Υ across the hypersurface Σ is defined by [Υ] ≡ (Υ2 − Υ1)|Σ. The
junction conditions in F (R) gravity [24] require the continuity of the first fundamental form so
that [hµν ] = 0, which is satisfied automatically in this case, and the continuity of the trace of the
second fundamental form,
[Kµµ] = 0 (10)
that, by using Eqs. (9), leads to
− 2aa¨+ aA
′
1(a) + 4(A1(a) + a˙
2)√
A1(a) + a˙2
+
2aa¨+ aA′2(a) + 4(A2(a) + a˙
2)√
A2(a) + a˙2
= 0, (11)
or as well
2a¨+A′2(a)
2
√
A2(a) + a˙2
− 2a¨+A
′
1(a)
2
√
A1(a) + a˙2
=
2
a
(√
A1(a) + a˙2 −
√
A2(a) + a˙2
)
. (12)
Additionally, in non-quadratic F (R), i.e. when F ′′′(R) 6= 0 (here the prime denotes the deriva-
tive with respect to R), the formalism requires the continuity of the scalar curvature across the
hypersurface [24]
[R] = 0, (13)
so that R1(a) = R2(a) ≡ RΣ. The field equations at the shell Σ have the form [24]
κSµν = −F ′(RΣ)[Kµν ] + F ′′(RΣ)[ηγ∇γR]hµν , nµSµν = 0, (14)
3
with κ = 8π, Sµν the surface energy–momentum tensor, and ∇γ the covariant derivative. In
quadratic F (R), i.e. when F ′′′(R) = 0, the scalar curvature can be discontinuous and the field
equations have a different form at the shell [24]. In this case, the extra contributions to the energy–
momentun tensor mentioned in Sec. 1 appear; for further details on this matter see Ref. [24]. In
what follows, we are only interested in the study of thin shells in the non-quadratic theory. In the
orthonormal basis, the energy–momentum tensor takes the form S
ıˆˆ
= diag(σ, pθˆ, pϕˆ), with σ the
surface energy density and pθˆ = pϕˆ = p the transverse pressures. Using Eq. (14) we obtain
σ =
1
2κ
(
F ′(R2(a))
2a¨+A′2(a)√
A2(a) + a˙2
− F ′(R1(a)) 2a¨+A
′
1(a)√
A1(a) + a˙2
)
−1
κ
(
F ′′(R2(a))R
′
2(a)
√
A2(a) + a˙2 − F ′′(R1(a))R′1(a)
√
A1(a) + a˙2
)
(15)
and
p = − 1
κa
(
F ′(R2(a))
√
A2(a) + a˙2 − F ′(R1(a))
√
A1(a) + a˙2
)
+
1
κ
(
F ′′(R2(a))R
′
2(a)
√
A2(a) + a˙2 − F ′′(R1(a))R′1(a)
√
A1(a) + a˙2
)
, (16)
where the scalar curvature and its derivative are given by Eqs. (2) and (3). The constraint
F ′(R) > 0 guarantees to have a positive effective Newton constant Geff = G/F
′(R) = 1/F ′(R),
preventing the graviton to be a ghost [3]; further discussion can be found in Ref. [30]. The weak
energy condition, given in the orthonormal basis by σ ≥ 0 and σ + p ≥ 0, determines the kind of
matter at the shell: when it is satisfied the matter is normal, otherwise it is dubbed exotic. Using
Eq. (12), one can see that Eq. (15) can be rewritten in the form
σ = − 2
κa
(
F ′(R2(a))
√
A2(a) + a˙2 − F ′(R1(a))
√
A1(a) + a˙2
)
−1
κ
(
F ′′(R2(a))R
′
2(a)
√
A2(a) + a˙2 − F ′′(R1(a))R′1(a)
√
A1(a) + a˙2
)
, (17)
from this equation and using Eq. (16), results that the equation of state is
σ − 2p = −3λ (18)
with
λ =
1
κ
(
F ′′(R2(a))R
′
2(a)
√
A2(a) + a˙2 − F ′′(R1(a))R′1(a)
√
A1(a) + a˙2
)
(19)
the brane tension of the matching hypersurface [24].
In the case of static configurations with a constant radius a0, it is straightforward that Eq. (10)
becomes
− a0A
′
1(a0) + 4A1(a0)√
A1(a0)
+
a0A
′
2(a0) + 4A2(a0)√
A2(a0)
= 0 (20)
or
A′2(a0)
2
√
A2(a0)
− A
′
1(a0)
2
√
A1(a0)
=
2
a0
(√
A1(a0)−
√
A2(a0)
)
, (21)
while the energy density and the pressure at Σ read
σ0 = − 2
κa0
(
F ′(R2(a))
√
A2(a0)− F ′(R1(a))
√
A1(a0)
)
−1
κ
(
F ′′(R2(a))R
′
2(a0)
√
A2(a0)− F ′′(R1(a))R′1(a0)
√
A1(a0)
)
(22)
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and
p0 = − 1
κa0
(
F ′(R2(a))
√
A2(a0)− F ′(R1(a))
√
A1(a0)
)
+
1
κ
(
F ′′(R2(a))R
′
2(a0)
√
A2(a0)− F ′′(R1(a))R′1(a0)
√
A1(a0)
)
, (23)
which fullfil the equation of state
σ0 − 2p0 = −3λ0 (24)
where
λ0 =
1
κ
(
F ′′(R2(a0))R
′
2(a0)
√
A2(a0)− F ′′(R1(a0))R′1(a0)
√
A1(a0)
)
(25)
is the brane tension in this case.
In order to analyze the stability of the solutions under radial perturbations we rewrite Eq. (11)
using a¨ = (1/2)d(a˙2)/da and the definition of z =
√
A2(a) + a˙2−
√
A1(a) + a˙2, so we have to solve
the equivalent equation az′(a) + 2z(a) = 0. Its solution gives us an expression for a˙2 in terms of
an effective potential
a˙2 = −V (a), (26)
where
V (a) = −
a40
(√
A2(a0)−
√
A1(a0)
)2
4a4
+
A1(a) +A2(a)
2
− a
4 (A2(a)−A1(a))2
4a40
(√
A2(a0)−
√
A1(a0)
)2 . (27)
It is not difficult to see that it satisfies V (a0) = 0 and V
′(a0) = 0, while the second derivative
evaluated at a0 takes the form
V ′′(a0) = −
5
(√
A2(a0)−
√
A1(a0)
)2
a20
−
3
(√
A1(a0) +
√
A2(a0)
)2
a20
− (A
′
2(a0)−A′1(a0))2
2
(√
A2(a0)−
√
A1(a0)
)2 − 4
(√
A1(a0) +
√
A2(a0)
)2
(A′2(a0)−A′1(a0))
a0 (A2(a0)−A1(a0))
+
A′′1(a0) +A
′′
2(a0)
2
−
(√
A1(a0) +
√
A2(a0)
)2
(A′′2(a0)−A′′1(a0))
2 (A2(a0)−A1(a0)) . (28)
This second derivative allows us to determine when a configuration with radius a0 is stable: it
happens if and only if V ′′(a0) > 0.
3 Thin-shell wormholes
For the construction of thin-shell wormholes, we follow the formalism explained in Sect. 2, with
some modifications. We start with two spherically symmetric spacetimes of the form (1) from
which we cut the outer manifolds M1,2 = {Xα = (t1,2, r, θ, ϕ)/r ≥ a}, and paste them on the
hypersurface Σ determined by G(r) = r − a = 0, so we obtain a new manifold M = M1 ∪M2.
This construction represents a wormhole compounded by two different regions connected by a
throat with radius a, where the flare-out condition is satisfied, because the area 4πr2 is minimal at
5
r = a. We can define a global radial coordinate ℓ ∈ R in terms of the proper radial distance taken
from each side to the throat ℓ = ± ∫ ra √1/A1,2(r)dr, with the (±) signs that refer respectively to
M1,2. Again, the angular coordinates are mutually identified and the proper time at both sides of
Σ should be the same, so that Eq. (4) should be fulfilled. The whole manifold M has coordinates
Xα1,2 = (t1,2, r, θ, ϕ), while at Σ we adopt coordinates ξ
i = (τ, θ, ϕ), with τ the proper time; we let
the throat radius depend on τ . In the previously defined orthonormal basis, the first fundamental
form at the shell reads h1,2ıˆˆ = diag(−1, 1, 1). The unit normals at Σ are given by Eq. (7), but with
the one related to M2 now inverted, so that
n1,2γ = ±
(
−a˙,
√
A1,2(a) + a˙2
A1,2(a)
, 0, 0
)
, (29)
where the (±) signs correspond to the different regions M1,2, respectively. By using Eq. (6) the
non-null components of the second fundamental form are
K1,2
θˆθˆ
= K1,2ϕˆϕˆ = ∓
1
a
√
A1,2(a) + a˙2 (30)
and
K1,2τˆ τˆ = ±
A′1,2(a) + 2a¨
2
√
A1,2(a) + a˙2
. (31)
The radius of possible solutions is given by Eq. (10), that in this case results in
2aa¨+ aA′1(a) + 4(A1(a) + a˙
2)√
A1(a) + a˙2
+
2aa¨+ aA′2(a) + 4(A2(a) + a˙
2)√
A2(a) + a˙2
= 0, (32)
which written in another form reads
2a¨+A′1(a)
2
√
A1(a) + a˙2
+
2a¨+A′2(a)
2
√
A2(a) + a˙2
= −2
a
(√
A1(a) + a˙2 +
√
A2(a) + a˙2
)
. (33)
In the context of non-quadratic F (R) we additionally have to require Eq. (13), that once again
forces R1(a) = R2(a) ≡ RΣ. The field equations at the shell Σ are given by Eq. (14), which allows
us to obtain the energy density and the pressure
σ =
1
2κ
(
F ′(R1(a))
2a¨+A′1(a)√
A1(a) + a˙2
+ F ′(R2(a))
2a¨+A′2(a)√
A2(a) + a˙2
)
+
1
κ
(
F ′′(R1(a))R
′
1(a)
√
A1(a) + a˙2 + F
′′(R2(a))R
′
2(a)
√
A2(a) + a˙2
)
, (34)
and
p = − 1
κa
(
F ′(R1(a))
√
A1(a) + a˙2 + F
′(R2(a))
√
A2(a) + a˙2
)
−
1
κ
(
F ′′(R1(a))R
′
1(a)
√
A1(a) + a˙2 + F
′′(R2(a))R
′
2(a)
√
A2(a) + a˙2
)
, (35)
respectively. Using Eq. (33) we can rewrite the energy density to give
σ = − 2
κa
(
F ′(R1(a))
√
A1(a) + a˙2 + F
′(R2(a))
√
A2(a) + a˙2
)
+
1
κ
(
F ′′(R1(a))R
′
1(a)
√
A1(a) + a˙2 + F
′′(R2(a))R
′
2(a)
√
A2(a) + a˙2
)
. (36)
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It is easy to see that the energy density and the pressure satisfy the equation of state (18) where,
in this case, the brane tension is now given by
λ = −1
κ
(
F ′′(R1(a))R
′
1(a)
√
A1(a) + a˙2 + F
′′(R2(a))R
′
2(a)
√
A2(a) + a˙2
)
. (37)
To obtain the radius a0 of the static solutions, we need to solve Eq. (32), which reduces to
a0A
′
1(a0) + 4A1(a0)√
A1(a0)
+
a0A
′
2(a0) + 4A2(a0)√
A2(a0)
= 0, (38)
or rewritten in another useful way
A′1(a0)
2
√
A1(a0)
+
A′2(a0)
2
√
A2(a0)
= − 2
a0
(√
A1(a0) +
√
A2(a0)
)
. (39)
The energy density and the pressure at Σ in the static case result
σ0 =
1
2κ
(
F ′(R1(a0))
A′1(a0)√
A1(a0)
+ F ′(R2(a0)
A′2(a0)√
A2(a0)
)
+
1
κ
(
F ′′(R1(a0))R
′
1(a0)
√
A1(a0) + F
′′(R2(a0))R
′
2(a0)
√
A2(a0)
)
, (40)
and
p0 = − 1
κa0
(
F ′(R1(a0))
√
A1(a0) + F
′(R2(a0))
√
A2(a0)
)
−
1
κ
(
F ′′(R1(a0))R
′
1(a0)
√
A1(a0) + F
′′(R2(a0))R
′
2(a0)
√
A2(a0)
)
. (41)
As above, the density energy can be rewritten in the form
σ0 = − 2
κa0
(
F ′(R1(a0))
√
A1(a0) + F
′(R2(a0)
√
A2(a0)
)
+
1
κ
(
F ′′(R1(a0))R
′
1(a0)
√
A1(a0) + F
′′(R2(a0))R
′
2(a0)
√
A2(a0)
)
. (42)
From Eq. (37) the brane tension, appearing in the the static case equation of state (24), reads
λ0 = −1
κ
(
F ′′(R1(a0))R
′
1(a0)
√
A1(a0) + F
′′(R2(a0))R
′
2(a0)
√
A2(a0)
)
. (43)
Similarly to what has been done in Sect. 2, we use a¨ = (1/2)d(a˙2)/da and the definition of
z =
√
A2(a) + a˙2 +
√
A1(a) + a˙2, which allow us to rewrite Eq. (32) as az
′(a) + 2z(a) = 0. Its
solution takes the form given by Eq. (26), but now the potential is
V (a) = −
a40
(√
A1(a0) +
√
A2(a0)
)2
4a4
+
A1(a) +A2(a)
2
− a
4 (A1(a)−A2(a))2
4a40
(√
A1(a0) +
√
A2(a0)
)2 , (44)
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which satisfies V (a0) = 0 and V
′(a0) = 0, while its second derivative at a0 results
V ′′(a0) = −
5
(√
A1(a0) +
√
A2(a0)
)2
a20
+
A′′1(a0) +A
′′
2(a0)
2
− 3 (A1(a0)−A2(a0))
2
a20
(√
A1(a0) +
√
A2(a0)
)2 − 4 (A1(a0)−A2(a0)) (A′1(a0)−A′2(a0))
a0
(√
A1(a0) +
√
A2(a0)
)2
− (A
′
1(a0)−A′2(a0))2
2
(√
A1(a0) +
√
A2(a0)
)2 − (A1(a0)−A2(a0)) (A′′1(a0)−A′′2(a0))
2
(√
A1(a0) +
√
A2(a0)
)2 . (45)
The static solution with throat radius a0 is stable only if it obeys V
′′(a0) > 0.
4 Examples
In order to provide concrete examples, we start with the action corresponding to the theory of
gravity defined by F (R) = R+ 2β
√
R− 8Λ− Λ and coupled to a Maxwell field
S =
1
2κ
∫
d4x
√
|g|(F (R)−FµνFµν), (46)
where g = det(gµν) is the determinant of the metric, Fµν = ∂µAν − ∂νAµ is the electromagnetic
tensor, β is a parameter, and Λ is twice the conventional cosmological constant. From this action,
the field equations for a non-constant scalar curvature R(r) admit a spherically symmetric solution
of the form given by Eq. (1), in which the metric function reads [12]
A(r) =
1
2
− M
r
+
Q2
r2
− 2Λr
2
3
, (47)
where the mass parameter1 M = −1/(3β) is determined by the dimensional parameter β of the
theory and the squared charge is Q2 = Q2E+Q
2
M, with QE the electric charge and QM the magnetic
charge. The parameter β cannot vanish and is always negative (thereforeM is positive). The scalar
curvature for this metric is given by
R(r) =
1
r2
+ 8Λ. (48)
Then, the expressions of F (R), F ′(R), and F ′′(R) can be written as functions of r in terms of Λ
and β, resulting in
F (R) =
1
r2
+
2β
r
+ 7Λ, (49)
F ′(R) = 1 + rβ, (50)
and
F ′′(R) = −β
2
r3. (51)
Let us review the horizon structure of the solution. The possible radii of the horizons are given
by the zeros of the metric function A(r). If Λ = 0 and Q = 0 there is only one (Schwarzschild
1We adopt this name due to the formal resemblance with the usual mass, but it is not a free constant in the
solution.
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like) event horizon with radius rh = 2M . When Λ = 0 and Q 6= 0, there are two (Reissner-
Nordstro¨m like) horizons: the inner one with ri = M −
√
M2 − 2Q2 and the (outer) event one
with rh = M +
√
M2 − 2Q2, resulting from solving a quadratic equation. The geometry in this
case also presents a critical charge Qc = M/
√
2, corresponding to the value of charge for which
the inner horizon and the event horizon fuse into one; beyond |Q| > Qc there only exist a naked
singularity. When Λ 6= 0 and Q = 0, for Λ < 0 there is the event horizon rh only, while for
0 < Λ < 1/(36M2) the cosmological horizon rc is present in addition to the event horizon rh; in
both cases (Schwarzschild anti de Sitter/de Sitter like, respectively) they are obtained as the real
and positive solutions of a cubic equation2. When Λ 6= 0 and Q 6= 0 (Reissner-Nordstro¨m anti de
Sitter/ de Sitter like), the horizons are given by the roots of a fourth degree polynomial3. In this
case, a critical value of the charge Qc also exists. For Λ < 0 there is an inner ri and an event
horizon rh if 0 < |Q| < Qc, while if |Q| > Qc appears a naked singularity. For 0 < Λ < Λmax,
when 0 < |Q| < Qc there is a cosmological horizon rc in addition to the event rh and the inner
ri horizons, while when |Q| > Qc the cosmological horizon coexist with a naked singularity. For a
given M , the value of Λmax ≥ 1/(36M2) increases with |Q|.
4.1 Thin shell with charge surrounding a black hole
With the purpose of constructing a manifold M having a thin shell of matter at Σ, we adopt the
interior region M1 as the one described by the metric function in Eq. (47) with a null charge
Q1 = 0,
A1(r) =
1
2
− M
r
− 2Λr
2
3
, (52)
while we take the exterior region M2 with Q2 = Q 6= 0
A2(r) =
1
2
− M
r
+
Q2
r2
− 2Λr
2
3
. (53)
The mass parameter M is the same for both regions since M = −1/(3β). The inner geometry
corresponds to a black hole, for Λ ≤ 0 with only the event horizon with radius r(1)h , while for
0 < Λ < 1/(36M2) besides it there is a cosmological horizon with radius r
(1)
c . The radius of the
surface Σ is taken so that r
(1)
h < a in the first case and r
(1)
h < a < r
(1)
c in the second one. The outer
geometry has an event horizon r
(2)
h that always satisfies r
(2)
h < r
(1)
h for any value of the charge, so
our construction removes it; in the case with 0 < Λ < 1/(36M2), the condition a < r
(2)
c is also
demanded. In this way the thin shell surrounds the event horizon of a black hole, with no other
horizons if Λ ≤ 0, or with a cosmological horizon having radius larger than a if Λ > 0. For a proper
matching at the shell the fulfillment of Eqs. (10) and (13) is required. The first one leads the radius
a to obey Eq. (11). It is easy to verify that R1(a) = R2(a), so the second one is automatically
satisfied. At the shell, the energy density is given by Eq. (17) and the pressure by Eq. (16).
In order to proceed with the study of the existence and the stability of static shells, we take
a constant radius a0. As explained above, the value of a0 is larger than the event horizon radius
of M1, and in the case of Λ > 0, also smaller than the cosmological horizon radius of M2; our
construction automatically removes the event horizon of M2 and the cosmological horizon of M1
when Λ > 0. The whole manifold M then consists of a black hole without charge surrounded by
a static charged thin shell. After checking that R1(a0) = R2(a0) so that Eq. (13) is fulfilled, we
demand the radius a0 to satisfy Eq. (20). If we want to guarantee that the shell is made of normal
2The analytic expressions for the radii of the horizons are cumbersome, so they are not shown here.
3The remark of F.N. 2 applies again.
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matter, we require the fulfilment of the weak energy condition. By using Eqs. (50) and (51), the
energy density and the pressure at Σ can be obtained from Eqs. (22) and (23), which for this case
have the form
σ0 = −1
κ
(
2
a0
+ 3β
)(√
A2(a0)−
√
A1(a0)
)
(54)
and
p0 = − 1
κa0
(√
A2(a0)−
√
A1(a0)
)
. (55)
They satisfy the equation of state given by Eq. (24), with the brane tension
λ0 =
β
κ
(√
A2(a0)−
√
A1(a0)
)
. (56)
To analyze the weak energy condition given by the inequalities σ0 ≥ 0 and σ0+p0 ≥ 0, we use Eqs.
(54) and (56), obtaining the following expresion
σ0 + p0 = −3
κ
(
1
a0
+ β
)(√
A2(a0)−
√
A1(a0)
)
. (57)
To guarantee that σ0 ≥ 0, we observe from Eq. (54) that its sign is given by the sign of the two
factors within brackets. The last factor, which is the difference of the square of the metric functions,
is always positive for any value of charge. Therefore, the overall sign of σ0 is given by the other
factor, which has to be negative, so it leads to
a0 ≥ 2
3|β| = 2M. (58)
By doing a similar analysis for Eq. (57), we obtain that σ0 + p0 ≥ 0 gives
a0 ≥ 1|β| = 3M. (59)
The weak energy condition is satisfied (normal matter) when Eqs. (58) and (59) are both fulfilled,
so it reduces to the inequality in Eq. (59). As mentioned in Sec. 2, it is desirable to add the
condition F ′(R) = 1 + a0β > 0 in order to avoid the presence of ghosts at the shell, leading to
a0 <
1
|β| = 3M, (60)
which by comparing with Eq. (59) means that the zone of normal matter coincides with the zone
of ghosts.
For the stability analysis of a static solution with radius a0, we use Eq. (28), which assures that
it is stable if and only if V ′′(a0) > 0. The results are shown in Figs. 1 and 2, which were selected
as the most representative ones. The quantities presented in them are adimensionalyzed with the
mass parameter M . The meshed zones represent those where the solution satisfies the weak energy
condition, while the gray zones lack of physical meaning. Solid lines correspond to stable solutions;
the unstable ones are displayed with dotted lines. The basic behaviour of the solutions does not
change with the different values of M (or equivalently of β), only its scale. The main features are
• For Λ < 0 we find that the static solutions only exist from a certain value of |Q|/M > 2. From
that value on, we find two solutions, one of them unstable and close to the event horizon,
while the other is stable and with a0/M monotonously increasing with |Q|/M . The unstable
solution is made of exotic matter, while the stable one is compounded by normal matter in
most for the range of a0/M .
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Figure 1: Thin shells surrounding a black hole in the theory F (R) = R + 2β
√
R− 8Λ − Λ, for
negative values of Λ. The solid lines represent the stable static solutions with radius a0, while
the dotted lines the unstable ones. The mass parameter is M = −1/3β in both regions separated
by the shell and the charge Q corresponds to the exterior geometry. The meshed zones represent
normal matter while the gray areas have no physical meaning (see text). Left: ΛM2 = −1× 10−4;
right: ΛM2 = −1× 10−2.
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Figure 2: Same as Fig. 1 but for positive values of Λ. Left: ΛM2 = 1× 10−4, in this case there is
another non-physical region, not shown, that is located at a0/M & 85; right: ΛM
2 = 1× 10−2.
• For Λ > 0 but close to zero, there exist unstable solutions for small values of |Q|/M . There is
a short range of values of |Q|/M for which there exist three solutions, two of them unstable
and one stable. Only one of the unstable solutions is made of normal matter, while the other
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one is compounded by exotic matter. The stable solution is always made of normal matter.
For large values of charge there exist only one unstable solution close to the event horizon
with exotic matter.
• For 0 < Λ < 1/(36M2) but close to 1/(36M2), there is only one unstable solution that
gets closer to the event horizon for large values of charge. For small values of |Q|/M , it is
compounded by normal matter.
4.2 Charged thin-shell wormhole
In order to construct a traversable and symmetric across the throat thin-shell wormhole, we take
two identical copies M1,2 of the outer region (r ≥ a) of the geometry defined by Eq. (47) and
paste them at the spherical surface Σ, with radius a, to give M = M1 ∪M2. The value of a is
chosen larger than the event horizon, and when it exists, smaller than the cosmological horizon.
This construction guarantee the flare-out condition since the area 4πa2 at Σ is minimal, so this
surface corresponds to the throat.
For the static case with a throat radius a0, the condition given by Eq. (38) is simplified,
resulting
a0A
′(a0) + 4A(a0) = 0. (61)
The expressions for the energy density and the pressure at Σ given by Eqs. (41) and (42), by using
Eqs. (50) and (51), can be written in the form
σ0 = −2
κ
(
2
a0
+ β
)√
A(a0) (62)
and
p0 = −2
κ
(
1
a0
+ 2β
)√
A(a0). (63)
The equation of state has the form shown in Eq. (24), where the brane tension is now given by
λ0 = −2β
κ
√
A(a0). (64)
Taking into account these equations, we can analyze the weak energy condition. From σ0 ≥ 0 we
obtain the inequality
a0 ≥ 2|β| = 6M, (65)
while the sum
σ0 + p0 = −6
κ
(
1
a0
+ β
)√
A(a0), (66)
is non-negative only if Eq. (59) is satisfied. The weak energy condition then requires that Eq.
(59) should be fulfilled, since it is the more restrictive of them. It is worth remembering that the
condition F ′(R(a0)) > 0 is equivalent to the inequality in Eq. (60), so once again we have the
presence of ghosts when the matter at the shell is normal. The potential given by Eq. (44) is
simplified to
V (a) = A(a)− a
4
0
a4
A(a0), (67)
with V (a0) = 0, V
′(a0) = 0, and its second derivative evaluated at Σ
V ′′(a0) = A
′′(a0)− 20
a20
A(a0). (68)
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Figure 3: Thin-shell wormholes in the theory F (R) = R + 2β
√
R− 8Λ − Λ, for negative values
of Λ. The solid lines represent the stable static solutions with radius a0, while the dotted lines
the unstable ones. The mass parameter is M = −1/3β. The meshed zones represent normal
matter while the gray areas have no physical meaning (see text). Left: ΛM2 = −1 × 10−4; right:
ΛM2 = −1× 10−2.
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Figure 4: Same as Fig. 3 but for positive values of Λ. Left: ΛM2 = 1× 10−4, in this case there is
an unstable solution, not shown, made of normal matter for a0/M & 70, and also a non-physical
region, not shown, that is located at a0/M & 85. Right: ΛM
2 = 1× 10−2.
As above, we use Eq. (68) to determine that a static solution with radius a0 is stable when
V ′′(a0) > 0.
The results are shown in Figs. 3 and 4. The basic behaviour of the solutions does not change
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with the different values of M (or equivalently of β), only its scale varies, so all quantities are
adimensionalized with the mass parameter. The main characteristics of the solutions are
• For Λ < 0 and for a short range of values of |Q|/M , larger than the critical charge Qc/M ,
there only exist two solutions. One of them stable, the other unstable; both made of exotic
matter.
• For Λ > 0 two solutions, similar to those found for Λ < 0, coexist with a third one which is
present for all values of |Q|/M , even without charge. This last solution is unstable and made
of normal matter, always close to the non-physical meaning zone located at large values of
a0/M .
5 Discussion
In this article, we have studied two wide classes of spherically symmetric manifolds with a thin
shell in non-quadratic F (R) gravity, with non-constant scalar curvature R. One corresponds to
thin shells joining an inner geometry with an outer one and the other to a thin-shell wormhole. In
both cases, we have found general expressions for the energy density σ and the isotropic pressure p
of the matter at the shell, and we have shown that they satisfy the equation of state σ−2p = −3λ,
relating them with the brane tension λ. We have also analyzed the stability of the static solutions
under perturbations that preserve the symmetry. We have provided examples in which each general
formalism is applied to the particular case of the theory defined by the gravitational Lagrangian
F (R) = R + 2β
√
R− 8Λ − Λ, coupled to the electromagnetic field. Within this framework, we
have adopted for our construction a recently found [12] static and spherically symmetric black hole
geometry.
In the example corresponding to the first class, the resulting spacetime can be interpreted as
a non-charged black hole surrounded by a thin shell of matter with charge Q. We have seen that
different values of β do not modify the qualitative behaviour of the solutions but only their scales, so
we have adimensionalized all quantities with the mass parameter M = −1/(3β) > 0. For negative
Λ and from a certain value of |Q|/M on, we have found two solutions; one unstable close to the
event horizon and another stable which is compounded by normal matter for large enough values
of |Q|/M . For positive Λ but close to zero, we find a range of values of |Q|/M where there exist
three solutions; two of them unstable and the other stable, this last one is compounded of normal
matter. There are also unstable solutions consisting of normal matter for small values of |Q|/M .
For positive values of Λ and close to 1/(36M2), we have found an unstable solution for all values
of |Q|/M , with normal matter for small enough vales of |Q|/M . By doing the analysis of the weak
energy condition at the shell, we have found that the zone of normal matter coincides with the
zone where there exist ghost fields, which is not a desirable aspect of the model. Finally, we can
say that for suitable taken values of the parameters, unstable solutions with normal matter and
no ghosts are always possible, but stable ones can have normal matter in the presence of ghosts or
exotic matter in the absence of ghosts.
In the example of the second class, we have constructed charged thin-shell wormholes which
are symmetric across the throat. As in the thin shell surrounding a black hole, the qualitative
behaviour of the solutions does not change with different values of β; it only affects their scale.
For both negative and positive Λ, and from values of |Q|/M larger than the critical one, we have
found two solutions for a short range of |Q|/M . One of them is stable and the other is unstable,
both are composed of exotic matter. For the particular case of Λ > 0, there exist a third unstable
solution made of normal matter for any value of charge, including the chargeless case; this solution
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is always close to the non-physical region located at a large radius. Through the analysis of the
weak energy condition at the throat, we have found that the zone of normal matter coincides, once
again, with the zone where ghost fields are present. For a certain set of parameters of the model,
we have always found stable solutions made of exotic matter close to the critical charge without
the presence of ghosts. But the presence of exotic matter is not troublesome, since it is the usual
feature in the case of wormholes.
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